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A generalization f the famous restricted problem of three bodies in celestial mechanics is 
considered, for which the existence of Lagrangian points of equilibrium is proved, their 
location is established and a linear stability analysis is carried out--all of this using 
(reproducible) computer algebra. 
I. The Problem 
Three bodies of equal mass m revolve in a plane around their gravitational centre in 
circular orbits under the influence of their mutual gravitational ttraction; at the centre a 
mass of fl times m is present where the mass ratio/~ > 0. 
A fifth body of negligible mass compared to m, moves in the plane under the 
gravitational attraction of the other bodies. 
The problem is then the description of the motion of the small body: it is a particular 
case of a restricted five-body problem (fl va 0); for fl = 0 we have a restricted four-body 
problem--but we do not intend to pay special attention to this case in the present paper. 
The existence and location of Lagrangian equilibrium points is discussed and we shall 
characterise the motions in the vicinity of these points--the development is done 
analytically using tools from computer algebra and is verifiable in muMATH and 
REDUCE. 
2. The Equations of Motion in the Inertial Frame 
Let the three bodies of mass m be located at the vertices of an equilateral triangle with 
side a. Since we shall consider the planar case only, the triangle defines the orbital plane. 
Figure 1 shows the situation and introduces two coordinate systems: the inertial or fixed 
system (X, Y) and the synodic or rotating system (u, v), both in the orbital plane. 
The (planar) circular motions of the masses around their centre of mass C (at which the 
body of mass fl times m is located) requires that the gravitational ttracting forces and the 
centrifugal forces balance: 
2k2(m2/a 2) cos (~/6)q-k2(m2fl/r 2) = m . r . n 2, 
where k is the Gaussian constant of gravitation, r is the distance of any of the three bodies 
from C and n is the common angular velocity of the bodies around C (the mean motion). 
Since 
r -- (ax/3)/3 
117 
0747-7171/88/040117+ 0 $03.00/0 9 1988 Academic Press Limited 
118 A. Oilongren 
0 
C 
v 
Y 
Fig. 1. The orbital plane with coordinates (X, Y) fixed and (u, v) rotating. 
we have immediately 
mkZ(1 + fl~/3) --- (n 2 . a3)/3, (2.1) 
which is a generalisation of Kepler's third law for the two-body system. 
Let R0 be the distance from the centre C to a point in the plane which is the position of 
the massless fifth body and let Ri (i = 1, 2, 3) be the distances from the three bodies to that 
point. The gravitational potential (in the fixed coordinate system) is then 
F = k2rn(t3/RO + 1/R 1 + 1/R2 + 1/R3). 
Let (X, Y) be the coordinates of the point considered. The distances are then 
R0 = (X 2 + y2)cl/21 (2.2) 
Ri = ( (X -X i )2+(y - -Y i )2 )  ~112), i -- 1, 2, 3, 
where (Xi, Yi) are the time-dependent coordinates of the three bodies. 
They are given by (see Fig. 1): 
X I= 
Y1--- 
X2-= 
I12 ---- 
X3= 
Y3 = 
The equations of motion for the 
(a~/3/3) cos (n. t') 
(a~/3/3) sin (n. t') 
(a~/3/3) cos (n. t' + 2~/3) 
(a~/3/3) sin (n. t' +2n/3) 
(a~/3/3) cos (n. t' + 4z/3) 
(a~/3/3) sin (n. t' + 4n/3). 
fifth body are 
d2X/dt  '2 = OF/OX, 
d2Y/dt  '2 = OF/OY. 
(2.3) 
(2.4) 
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3. Synodic Coordinates 
We shall now derive the equations of motion of the fifth body in the synodic oordinate 
system by using computer algebra. In the present section we use the syntactic onventions 
of muMATH, produced by Softwarehouse at Honolulu, Hawaii and available on 
microcomputers (1983). An additional advantage is that anyone who has access to 
muMATH can literally copy our computations and check them in this way. We begin by 
assigning the potential function 
F: k^2 m (beta/R0 + 1/R1 + l /R2+ l/R3). 
All symbols are kept as literals; beforehand we have declared R0, R1, R2 and R3 to be 
dependent on X and Y: 
DEPENDS(RO(X), RI(X), R2(X), R3(X), 
R0(Y), RI(Y), R2(Y), R3(Y)). 
The right-hand sides of the equations of motion (2.4) are next assigned 
Rhsl: DIF(F, X); 
Rhs2: DIF(F, Y). 
The resulting expressions contain components as DIF(R0, X) etc., because we have not 
assigned anything to R0, R1, R2 and R3. The known forms (2.2) of these distances are 
taken into account by new assignments o Rhsl and Rhs2. First, we do 
Rhs 1: EVSUB(Rhs 1, DIF(R0, X), DIF((X^2 + Y^2)A(1/2), X)); 
Rhsl: EVSUB(Rhsl, DIF(R1, X), DIF(((X-X1)^2 + ((Y-- Y1)^2)^(1/2), X)); 
Rhs1: EVSUB(Rhsl, DIF(R2, X), DIF(((X- X2)~2 + ( ( r -  Y2)~2)^(1/2), X)); 
Rhsl: EVSUB(Rhsl, DIF(R3, X), DIF(((X- X3)^2 + ((Y-- Y3)^2)A(1/2), X)). 
In addition to this we must replace components such as 
(( Y - r 1)A2 + (X - X 1)^2)^( - 1/2) 
by 1/R1 or RI^( - 1). So we continue with 
Rhsl: EVSUB(Rhsl, (Y~2+X^2)~( - 1/2), R0^( - 1)); 
Rhsl: EVSUB(Rhsl, ( (Y -  Y1)^2 + (X -  X1)^2)^( - 1/2), g l~( -  1)); 
Rhsl: EVSUB(Rhsl, ( (Y -  Y2)^2 + (X-X2)~2)^(-  1/2), g2^( - 1)); 
Rhsl: EVSUB(Rhsl, ( ( r -  Y3)^2 + (X-X3)^2)^( - 1/2), R3^( - 1)). 
In the same way Rhs2 is reassigned. We are left with the foUowing values of Rhsl and 
Rhs2 
-X  k^2 m (beta/(R0~3)+ 1/(R1^3)+ 1/(R2^3)+ 1/(R3^3)) 
+ X1 k^2 m/(Rl^3)+ X2 k~2 m/(R2~3) + X3 k^2 m/(R3~3) 
and 
- Y k^2 m (beta/(R0~3)+ 1/(Rl^3)+ 1/(R2^3)+ 1/(R3A3)) 
+ Y1 k~2 m/(Rl~3) + Y2 k^2 m/(R2A3) + Y3 k-2 m/(R3^3). 
This brings us in a position to carry out the transformation to synodic coordinates 
(u, v). In muMATH we denote these literally by u and v and we declare them to be 
dependent on time (t' is denoted by tp) by 
DEPENDS(u(tp), v(tp)). 
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Later on we shall go over to a normalized time coordinate t. The dependence between 
X, Y and u, v is expressed by 
X: u COS (ntp) -  v SIN (n tp); 
Y: u SIN (n tp)+v COS (ntp); 
where n is used with the same meaning as before. The equations (2.3) are replaced by six 
assignments--we write only two of these to show the pattern: 
XI: 3^(1/2)a/3 COS (ntp) 
Y2:3A(1/2)a/3 (SIN (n tp) COS (2 # PI/3)+COS (ntp) SIN (2 # PI/3). 
We consider now the left-hand sides of the equations of motion (2.4) and assign using 
the above values of X and Y: 
Lhsl: DIF(X, tp, 2); 
Lhs2: DIF(Y, tp, 2). 
The values of X1, X2, X3, Y1, Y2 and Y3 are introduced in the right-hand sides by a 
sequence of six assignments 
Rhsl: EVSUB(Rhsl, X1, X1); 
Rhsl: EVSUB(Rhsl, X2,X2); 
, , . 
Rhsl: EVSUB(Rhsl, Y3, Y3); (take special notice) 
and analogously six assignments for Rhsl. Lhsl, Lhs2, Rhsl and Rhs2 are all linear in 
SIN (n tp) and COS (n tp). By dividing these factors out we obtain the equations of 
motion in the synodic system; we write them immediately 
f i -  2. n . b = k2m((1/3)ax/3 . (l/R1 a -  1/(2R2 a) -- 1/(R33)) 
-u(~/RO a+ l/R1 a + l/R2 3 + 1/Ra))+u. n 2 
b + 2. n. h = kam((1/2)a. (l/R2 a -- l/R3 a) (3.1) 
- -  v(fl/RO 3 + 1/R 1 a + 1/R2 3 + 1/R3 a)) + v. n 2, 
noting that the dot stands for d/dt'. 
4. The Potential Function in the Rotating Frame 
We wish to bring the equations of motion (3.1) in the form 
fi--2, n. b = OU'/Ou (4.1) 
~) + 2. n. iz = 0 U'/Ov 
and in the present section we will use computer algebra (more in particular muMATH) to 
derive the (negative) potential function U'. Note that this function accounts for both 
gravitational and centrifugal effects in the system considered. We begin by assigning 
R0: (u^2+ v^2)^(i/2); 
RI: ((u--ul)^2+(v--vl)A2)^(1/2); 
R2: ((u-- u2)^2 + (v -- v2)^2)A(1/2); 
R3: ((u -- u3)^2 + (v - v3)^2)*(1/2); 
and then we introduce a function in the form of a literal expression by 
Fp: n~2 (u*2 + v^2)/2 + k^2 m (beta/R0 + 1/R 1 + 1/R2 + 1/R3). 
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This function is a representation of the required potential function U', provided it be 
proved that it satisfies the properties that OU'/Ou and OU'/Ov are equal to the right-hand 
sides of equations (3.1). We prove this using Fp as follows (the development is only 
written for u, it proceeds analogously for v): 
Rhl: DIF(Fp, u); 
Rh 1: EVSUB(Rh 1, (u^2 + v^2)^( -- 3/2), r0^(-  3)); 
Rh 1: EVSUB(Rh 1, ((u - ul)^2 + (v -  vl)~2)^(- 3/2), rl ^ ( -  3)); 
Rh 1: EVSUB(Rh 1, ((u - u2)^2 + (v -  v2)^2)^(- 3/2), r2^( - 3)); 
Rhl: EVSUB(Rhl, ((u - u3)^2 + (v -  v3)~2)^(- 3/2), r3^(-  3)). 
Note that we write r0, rl, r2 and r3 instead of R0, R1, R2 and R3 because we need 
unassigned variables here. We are left with expressions which contain the literals ul, u2, 
u3, vl, v2 and v3, being the (constant) values of the coordinates u and v for the three fixed 
bodies in the synodic system. We get their values by 
/ )1 . '  
v2: 
03: 
These values are inserted 
ul: EVSUB(X1, tp, O); i.e. (a/3)~/3 
u2: EVSUB(X2, tp ,0); i.e. - (a/6)x/3 
u3: EVSUB(X3, tp, 0); i.e. - (a/6)x/3 
EVSUB(YI, tp,0); i.e. 0 
EVSUB(Y2, tp, 0); i.e. a/2 
EVSUB(Y3, tp, 0); i.e. -- a/2. 
in Rhl by 
Rhl: EVSUB(Rhl, ul, a (3^(1/2))/3); 
Rh 1: EVSUB(Rh 1, u2, - a (3 ^ (1/2))/6); 
. . .  
after which exactly the right-hand side of the first equation of (3.1) is obtained (but then 
reading r0, rl, r2 and r3 instead of R0, R1, R2 and R3). In the same way, the right-hand 
side of the second equation of (3.1) is derived. 
In the equations of motion (4.1) the dot stands for d/df.  Dimensionless coordinates x, y 
and a dimensionless time t are now introduced by the transformation 
x=u/a y=v/a t=n.t '  
rO = RO/a rl = R1/a r2 = R2/a r3 = R3/a. 
Equations (4.1) then become (using now a dot to denote d/dt): 
2 -  2j~ = 3U/Ox (4.2) 
+ 22 = O U/Oy, 
where the (negative) potential function is given by 
U = (x 2 + y~)/2 + (k2m/(n 2 . aa)). (•/rO + 1/rl + l/r2 + 1/r3). 
A further reduction is obtained in view of Kepler's generalized third law (2.1) so that we 
can write 
U = (x 2 +y2)/2 +(1/(3 + 3/3~/3)). ([3/rO + 1/rl + 1/r2 + l/r3). (4.3) 
It is easily proved that the total energy U-(x**2+y**2) /2  is constant along any orbit 
so that it is an integral of motion. 
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Fig. 2. Schematic display of equipotential curves in the rotating plane showing nine Lagrangian points and 
four singularities. 
5. Libration Points 
The function U is singular at r0 = 0 (unless ]3 = 0), rl = 0, r2 = 0 and r3 = 0. The 
topology of the equipotential curves in the (x, y)-plane is shown schematically in Fig. 2. 
Note that the curves are everywhere differentiable except at the (Lagrangian) crossing 
points. 
There are nine Lagrangian equilibrium points: 
three inner points Lil, Li2 and Li3, 
three outer points Lul, Lu2 and Lu3, 
three outer points Lsl, Ls2 and Ls3. 
From the topology of the equipotential curves we expect for all values of the mass ratio 
fl the inner points to be unstable as well as the first mentioned outer ones; the points Lsl, 
Ls2 and Ls3 may be stable for a range of values of ft. We shall in the present section 
derive the mathematical character of these equilibrium points; more in particular we 
consider linear stability. Note that the topology displayed clearly shows that complete 
information can be obtained from the points on the x-axis and their vicinities. 
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In order to proceed from here we have written a general purpose program in 
REDUCE,  which admits just like muMATH symbolic computation as well as numerical 
work (Hearn, 1983). The syntax of REDUCE is somewhat different from that of 
muMATH; the program should, however, be reasonably easy to understand. We have 
chosen for REDUCE in this stage in order to obtain a concise procedure (which can 
easily be transformed to other systems of computer algebra). It follows below: 
PROCEDURE COMPU(BETA, X, Y, W); 
BEGIN SCALAR R0, R1, R2, R3, X0, Y0, X1, Y1, X2, Y2, X3, Y3, 
U1X, U1Y, U2X, U2Y, U, S; 
S: =-- SQRT(3) $ 
X0:=0$ Y0:=0 $ 
X1 :=S/35 Y1 :=0 $ 
X2: : = - S/65 Y2: = 1/2 $ 
X3 : = - S/65 Y3 = - 1/2 $ 
R0: = SQRT((X - X0)**2 + (Y-Y0)**2) $ 
R1 : --- SQRT((X - X1)**2 + (Y -  Y1)**2) $ 
R2: = SQRT((X- X2)..2 + (Y -  Y2)..2) $ 
R3 : = SQRT((X - X3)..2 + (Y -  Y3)..2) $ 
IF W = 0 THEN << 
U: -- (X**2 + Y..2)/2 + (BETA/R0 + 1/R 1 + l/R2 + 1/R3)/(3 + 3. BETA.S) $ 
RETURN U >>; 
IF W = 1 THEN << 
U1X: = -BETA*(X-X0)/R0**3-(X-X1)/RI**3-(X'-X2)/R2**3-(X-X3)/R3**3 $ 
U 1X: = U iX/0 + 3*BETA.S) + X $ 
RETURN U1X >>; 
IF W = 2 THEN << 
U1Y:= -BETA.(Y-Y0) /R0**2-(Y-Y1) /R I**3- (Y-Y2) /R2**3-  (Y-Y3)/R3**3 $ 
U1Y: = U1Y/(3 + 3.BETA,S) + Y $ 
RETURN U1Y >>; 
IF W = 3 THEN << 
U2X: -- BETA.(3.(X - X0)**2/R0**5 - l/R0**3) 
+ 3 . (X -  X1)**2/R 1..5 - 1/R 1..3 
+ 3*(X - X2)**2/R2**5 - 1/R2..3 
+ 3*(X-X3)**2/R3**5 - 1/R3..3 $ 
U2X : = U2X/(3 + 3*BETA.S) + 1 $ 
RETURN U2X >>; 
IF W = 4 THEN << 
U2Y : = BETA.(3.(Y- Y0)**2/R0**5 - 1/R0..3) 
+ 3*(Y- Y1)**2/R1** 5-1/R1. .3 
+ 3*(Y- Y2)**2/R2**5-1/R2..3 
+ 3*(Y-Y3)**2/R3**5 - 1/R3..3 $ 
U2Y: ~- U2Y/(3 + 3*BETA.S) + 1 $ 
RETURN U2Y >>; 
END; 
Program 1. A comprehensive REDUCE program for computing values of the potential function U and its 
derivatives--in symbolic or numerical mode. 
The formal variable w in the procedure declaration of COMPU is used as a switch; the 
table below shows what function is calculated for various values of w. 
The procedure COMPU can be called in symbolic mode: if we call it like this 
COMPU(beta,  X, Y, 0); 
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Table 1. 
w 0 I 2 3 4 
Function U OU/Ox 0 U/Oy 02 U/Ox 2 02 U/Oy 2 
with unassigned variables beta, X and Y, the literal form of U which REDUCE maintains 
is yielded; it is not easily read and for humans it is much less comprehensible than the 
form (4.3). If we call it by 
COMPU(beta, X, 0, 2); 
with unassigned variables we obtain 0 as expected. The calls 
COMPU(beta,  X, Y, 3); and COMPU(beta, X, Y,4); 
yield enormous expressions, which are unmanageable. 
If, however, we call the REDUCE procedure in numerical mode with numbers as 
actual parameters, we can obtain in the (x, y)-plane 
profiles of U 
values of the partial derivatives of U. 
The value of c3U/ax can be used to determine for various values of the mass ratio/3, the 
minimum of U at the location of it along the x-axis using a numerical iteration procedure. 
The values of the second-order derivatives can be used to determine the character of the 
motions in the vicinity of a Lagrangian point (more in particular the linear stability of it). 
This is because the equations of motion (4.2) have the same form as the equations of 
motion for the restricted problem of three bodies--so that the usual analysis for that case 
applies here too (cf. Roy, 1982; Szebehely, 1967). More in particular it is known that the 
motion will be a libration (a periodic motion with small amplitudes) around a point of 
equilibrium if and only if the roots of the following equation are purely imaginary: 
24+b .22+c = 0, (5.1) 
where 
b = 4 -O2U/ax2-azU/~y z, c = O2U/~x2 .t?2U/ay 2. (5.2) 
Necessary and sufficient conditions for that to be the case are 
b 2 > 4. c, c > 0. (5.3) 
In the following table we first collect minimum values of U for various ft. 
Next, we compute for these minima the values for b and c. The next table shows the 
results for negative x. For positive x we do not give data because the conditions (5.3) are 
never satisfied: for all values of/1 the inner Lagrangian point on the positive x-axis as well 
Table 2. Location of minima of the potential function U along the x-axis for various 
values of the mass ratio fl 
# X U~i, X U~,. x Um,, 
0 -- 0.935 1'473 0 1.732 1.180 1'679 
0.1 --0.886 1'348 0.167 1.716 1.143 1.555 
1 --0.697 0'892 0.290 1'206 0'984 1'087 
10 --0.590 0.560 0'414 0.679 0'778 0'658 
100 --0.579 0"506 0.496 0.536 0.668 0'534 
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Table 3. Coefficients of the characteristic equation (5.1) for various values of the mass 
ratio 
x b c b2-4 .c  
0 --0.935 0.681 2.387 -9.082 
0.1 "0.886 0.666 2.513 -9.610 
1 --0.697 0.674 2"639 ~ 10.101 
10 --0.590 0.928 0"895 -2.725 
43'2 -- 0.5804 0.9803 0,2402 0.000 
100 -0.579 0.993 0.112 0.540 
as the outer point on this axis is unstable. There is a critical value of fi for which the outer 
Lagrangian point on the negative x-axis becomes table: the value is 43,18. For fl less 
than this value all Lagrangian points in the plane are unstable and for fl larger than this 
value the three outer Lagrangian points are stable and the fifth body will carry out a 
librational motion around each of them. 
6. Conclusions 
From the analysis in the previous sections it appears that the central mass has a 
stabilising effect on librational motions of the fifth small body in the particular estricted 
five-body problem considered, provided its mass is large enough. The mass ratio 
(mass central body/mass other body) = 43.18 
is critical. For mass ratios larger than this value three of the nine Lagrangian points of 
equilibrium become stable (the fifth body will carry out a librational periodic motion 
around each of them), but for smaller ratios (also for the zero case) all points of 
equilibrium are unstable. 
The author expresses his thankfulness toone of the referees, Dr Anna M. Nobili, for suggesting a 
number of improvements to the first draft of the paper. 
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Appendix 
ADDITIONAL NOTES 
1, The critical value of the mass ratio fl0 such that the motions in the vicinity of the 
outer Lagrangian points are stable for fi >/~0, can be derived accurately by carrying out 
power series expansions for U and the second-order partial derivatives Uxx and Uyy. The 
use of computer algebra in this process will be described elsewhere, 
2. Some equipotential curves are given below for fl = 50, arbitrarily chosen larger than 
the critical value 43.181. They are shown only for one sextant (negative x-axis) in the 
rotating plane; the other sextants are mirror images of the one shown. Note the narrow 
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Fig. 3. Equipotential curves in the rotating frame shown for one sextant. 
window in energy units for an "outer" escape of the fifth body from the region around 
Ls2 to the region around Lsl: for total energy less than 0.554 it cannot happen (opening 
between Hill's zero-velocity curves of 0 length units), for total energy close to but less 
than 0.559, the maximal opening is about 0.6 length units. Because the kinetic energy is 
small during passage through the opening between the Hill curves, we expect he Coriolis 
forces to induce strange behaviour here. For a total energy higher than 0.559 there is the 
possibility of an "inner" particle escape; again for energy slightly higher than this value, 
the opening for such an escape is narrow. 
